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We study the quantum dynamis of a time reparametrization invariant system with a vanishing
Hamiltonian. The evolution of the physial degrees of freedom of the system is desribed, both at
the lassial and at the quantum level, in relational terms by the onstrution of an internal time
parameter. We use the Pegg-Barnett phase operator formalism in nite dimensional Hilbert spae
as an essential ingredient.
PACS numbers: 03.65.-w
I. INTRODUCTION
The desription and the physial interpretation of the quantum dynamis of general ovariant systems appear
problemati due to the absene of a lear and unambiguous notion of time for suh systems. This lak of a single
preferred independent external time variable ontrasts with the standard formulation of quantum mehanis where
time plays the rle of an absolute element, desribed by a lassial parameter and not by an operator and is required
for the desription of the quantum evolution (it expliitly appears in the Shrödinger equation)
1
. This tension between
generally ovariant systems and standard quantummehanis poses both tehnial and oneptual problems. This kind
of diulties are partiularly evident when one tries to quantize general relativity. The bakground independene of
the gravitational eld, onsequene of the fundamental symmetry of the theory, namely general ovariane, represents
a major obstale to the appliation of the standard bakground dependent methods of quantization of lassial elds.
However tehniques have been developed to preserve bakground independene at the quantum level: Loop Quantum
Gravity, a andidate for the theory of quantum gravity, realizes a (anonial) quantization of the gravitational eld
in a bakground independent way [4℄. Conerning the oneptual issues, several solutions have been proposed in
order to provide a onsistent physial interpretation of quantum generally ovariant systems. In this letter we want
to study one of these proposals advaned by Rovelli [1, 2, 3, 4℄, onsisting in desribing evolution of the physial
degrees of freedom of the quantum system in a relational manner
2
. We implement suh a relational desription in
a simple Hamiltonian model that shares with generally ovariant system the property of being invariant under time
reparametrization.
The paper is organized as follows. In the setion II we introdue the model of two harmoni osillators with an
Hamiltonian onstraint and study their properties. In partiular we provide a denition of an internal time that allows
us to desribe the lassial evolution in a relational manner. In setion III we shortly present the anonial quantization
of the model and its physial Hilbert spae (all the details an be found in the referenes ited). In setion IV we
translate at the quantum level the lassial relational dynamis presented in setion II. A fundamental ingredient will
be the Pegg-Barnett formalism that gives a onsistent and well-dened exponential phase operator ating on nite
dimensional Hilbert spae. By means of this exponential phase operator we onstrut well-dened gauge invariant
operators that represent physial observables of the quantum system and we implement at the quantum level the
relational evolution of setion II. As a by-produt of the study of the spetrum of these gauge invariant operators we
obtain some new relations between the zeros of the Hermite polynomials.
∗
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1
In the ontext of eld theory, the formulation of the quantum theory uses not only a lassial time variable but a whole xed, non-
dynamial bakground spaetime metri, the Minkowski metri.
2
This proposal is also known as "evolving onstants of motion".
2II. THE MODEL
With the aim of study the problem of time in quantum general ovariant systems, and in partiular in quantum
gravity, Rovelli presented in [1℄ a simple system onsisting of two harmoni osillators with a total xed energy
3
.
The system has one physial degree of freedom and one rst-lass onstraint [5℄. The extended phase spae Γ is
oordinatized by the anonial pairs (qi, pi); i = 1, 2. The sympleti two-form is ω = dpi ∧ dqi. The pair (Γ, ω)
forms a sympleti spae. The extended onguration spae is dened by the oordinates qi, also alled partial
observables to distinguish them from the omplete observables represented by gauge invariant orrelations between
partial observables. We refer to [4℄ for details. The dynamis, both lassial and quantum, may be desribed using a
parameter τ whih is not the physial time, it is not onneted with observability but instead it plays the same role of
the time oordinate in general relativity: physially meaningful quantities are independent from the time oordinate.
The ation of this system has the form
S[qi, pi, λ] =
∫
dτ
{
dqi
dτ
pi − λH(qi, pi)
}
, (1)
where λ is a Lagrangian multiplier. This ation is invariant under reparametrizations of the parameter τ . The
equations of motion are obtained by the variation of the ation with respet to the anonial oordinates (qi, pi),
dqi
dτ
= λ
∂H(qi, pi)
∂pi
, (2)
dpi
dτ
= −λ∂H(qi, pi)
∂qi
, (3)
while the variation of the ation with respet to the Lagrangian multiplier λ gives the onstraint equation
H(qi, pi) = 0, i = 1, 2. (4)
The onstraint has the following form
H(qi, pi) = H1 +H2 −M = 0, (5)
where H1 =
1
2p
2
1 +
1
2q
2
1 is the Hamiltonian of the osillator 1, and respetively H2 for the osillator 2, and M is a
onstant. The dynamis is then desribed by the vanishing Hamiltonian (5) and therefore the system shares with
generally ovariant system like general relativity the important property of being invariant under time reparametriza-
tions. The physial meaning of suh property is that the time parameter appearing in the solution of the equation
of motion (given below, equations (6,7)), namely the parameter τ , does not represent a physial time. It is a pure
gauge parameter. Therefore it is the unfolding of the gauge transformation generated by the rst lass onstraint (5)
that denes the evolution of the degrees of freedom of the system, i.e. dynamis is gauge. We an parametrize the
solution of the equation of motion as
qi(τ) = Ai sin(τ + φi), i = 1, 2, (6)
and the momenta are given by
pi(τ) = Ai sin(τ + φi), i = 1, 2. (7)
These solutions desribe an ellipse of radii A1 and A2 and inlination ∆φ = φ1 − φ2 in the extended onguration
spae, the plane (q1, q2), with (A1, A2) ∈
[
0,
√
2M
]
and (φ1, φ2) ∈ [0, 2pi]. The values of the onstants A1, A2 are xed
by the onstraint (4) to satisfy A21+A
2
2 = 2M . The physial preditions of this system regard the relation between q1
and q2, not the dependene of q1 and q2 on the unphysial parameter τ . Consequently the partial observables q1 and
q2 are not physial observables. Instead the physial observables fo the system are given by the so alled omplete
observables, namely gauge invariant orrelations between partial observables.
3
We will follow the treatment presented in [6℄. See also [7℄ for an alternative desription.
3The Hamiltonian onstraint (4) denes a onstraint surfae in the extended phase spae Γ. The restrition of the
sympleti two-form ω = dpi ∧ dqi to suh onstraint surfae is degenerate. Indeed the Hamiltonian vetor eld X
generated by the onstraint and given by
X = pi
∂
∂qi
− qi ∂
∂pi
, (8)
satises ω(X) = 0. The integral lines of X on the onstraint surfae dene the "orbits" of ω, namely the motions.
The onstraint surfae an be parametrized by the set of independent oordinates (q˜, p˜,t), where t oordinatize the
orbits and (q˜, p˜) are anonial variables that oordinatize the physial phase spae γ. Of ourse they satisfy {q˜, p˜} = 1
on γ, and they represent physial observables. The sympleti form on γ is ω = dp˜∧dq˜. Therefore the solution of the
equation of motion (6,7) an be expressed as
qi = qi(q˜, p˜; t), (9)
pi = pi(q˜, p˜; t). (10)
On the other hand, the anonial variables q˜ and p˜ are funtions of the oordinates of the extended phase spae,
q˜ = q˜(qi, pi), (11)
p˜ = p˜(qi, pi), (12)
where the expliit dependene is xed by the solution of the equation of motion. The orbit oordinate t as well an
be expressed as a funtion of qi and pi:
t = t(qi, pi). (13)
This parameter an be interpreted as an internal time with respet to whih we desribe the evolution of the system.
The number of suh internal time variables is xed by the onstraint: In our ase there is only one onstraint, so we
have one parameter t. An interesting property of the internal time variable is that the expression (13) is in general a
multi-valued funtion, in ontrast to the monotonially inreasing time variable of non generally ovariant systems.
As a onsequene, the values of the variable t an lead to an interpretation of the evolution of the degrees of freedom
of the system as forward or bakward in time. Finally, the relational desription of the dynamis of the system is
enoded in the ombination of the solution of the equations of motion (9) and (10) with the denition of the internal
time variable (13).
We will hoose the following anonial variables on the physial phase spae
q˜(qi, pi) =
1
2
(q21 + p
2
1) = A
2
1, (14)
p˜(qi, pi) = arctan
q1
p1
− arctan q2
p2
= ∆φ. (15)
It is easy to show that A21 and ∆φ are onjugate variables, namely {A21,∆φ} = 1. They represent physial quantities:
They are indeed independent of the gauge parameter τ and have vanishing Poisson brakets with the onstraint (4).
The variable t is given by
t = arctan
q2
p2
. (16)
As already said this variable plays the rle of an internal time for the system: It is the parameter with respet to whih
we desribe the evolution of the degree of freedom of the system in a gauge invariant way. We notie that the time
variable (16) is not a physial observale, indeed its Poisson braket with the Hamiltonian onstraint does not vanish.
In partiular it results to be equal to 1: {t,H} = 1. Furthermore, the internal time variable (16) is a multivalued
funtion of q2, p2 beause the artangent only denes t mod 2pi. Of ourse this partiular hoie of oordinatizing
the onstraint surfae is not at all mandatory. We an perfetly hoose dierent variables, for example the ouple
(A22,∆φ) with t = arctan
q1
p1
.
If we plug the hoie of variables (14,15) and the internal time (16) into the solution (9,10), we obtain
q1(A
2
1,∆φ, t) =
√
A21 sin(t+∆φ), (17)
q2(A
2
1,∆φ, t) =
√
M −A21 sin(t−∆φ), (18)
4and the momenta
p1(A
2
1,∆φ, t) =
√
A21 cos(t+∆φ), (19)
p2(A
2
1,∆φ, t) =
√
M −A21 cos(t−∆φ). (20)
The set of equations (17-20) give the relational evolution of the qi and pi with respet to the internal time (16) for the
partiular hoie of physial observales (A21,∆φ). Indeed, hoosen a partiular ombination of a set of variables of the
extended phase spae Γ as an internal time parameter (in our ase the ouple (q2, p2) dening the internal time (16)),
we an desribe the evolution of the remaining set of variables, namely q1 and p1, as funtions of this ombination (16)
of q2, p2 for any physial state (A
2
1,∆φ) of the system. A dierent interpretation is viable. The expressions (17-20)
give a one-parameter family of physial observables dened on the physial phase spae, where the parameter is the
partiular ombination of q2, p2 given by (16). We an then say that (17-20) are evolving onstants of motion in the
sense of Rovelli [1, 2, 3, 4℄.
III. QUANTUM THEORY
The anonial quantization of the system is straightforward: Upon quantization the onstraint (5) beomes a
quantum Hamiltonian onstraint Hˆ , and the (lassial) Hamiltonians of the two osillators beome positive denite
operators Hˆ1 and Hˆ2. The physial Hilbert spae Hphys of the system is the spae of states solutions of the Wheeler-
DeWitt equation that denes the quantum dynamis: Hˆ |Ψ〉 = 0. This Hilbert spae turns out to be of nite dimension
preisely beause of the existene of the Hamiltonian onstraint and the positive deniteness of Hˆ1 and Hˆ2. It is
onvenient to take the dimensionality of Hphys equal to the integer 2j + 1 = M~ . This nite dimensionality of the
Hilbert spae will be important in the following.
It is useful to introdue the reation and annihilation operators for the two osillators
4
, with the usual ommutators
[a, a†] = [b, b†] = 1, [a, b] = [a, b†] = 0, and the energy eigenstates |n1, n2〉 where n1 and n2 are the numbers of quanta
of the osillators q1 and q2 respetively, namely n1 and n2 are the eigenvalues of the number operators Nˆ1 = a
†a and
Nˆ2 = b
†b respetively. The quantum Hamiltonian onstraint Hˆ an be expressed in terms of these operators,
Hˆ = Nˆ1 + Nˆ2 + 1−M. (21)
Therefore the physial Hilbert spae is spanned by the vetors satisfying the equationM = n1+n2+1. It is onvenient
to introdue the quantum number m = 12 (n1 − n2) that runs from m = −j to m = j, with j = (M − 1)/2. So thatHphys is spanned by the (2j + 1) states |m〉 ≡ |j − m, j + m〉. The representation of the states in the spae of
oordinates is
ψm(q1, q2) =
(
22jpi(j +m)!(j −m)!)−1/2Hj+m(q1)Hj−m(q2)e− q21+q222 , (22)
where Hn(q) id the n-th Hermite polynomial. The dynamis an be obtained from an orthogonal projetion operator
P from the kinematial Hilbert spae K into the physial Hilbert spae H, P : K → H, dened by
P =
∫
dτe−iτH =
j∑
m=−j
|m〉〈m|, (23)
and the propagatorK of the model is the integral kernel of P . The properties and the lassial limit of the propagator
K have been studied in [7℄. Moreover, following a proposal for omputing the graviton propagator presented by
Rovelli in [8℄ and making use of the oherent states for this system derived in [7℄, the two point funtion has been
omputed in [9℄.
Here we adopt a dierent point of view. In order to desribe the relational evolution at the quantum level, we
want to onstrut the quantum version of the lassial solutions (17-20). To do this we will take advantage of a
property, mentioned above, of the physial Hilbert spae, namely its nite dimensionality. This property results to be
essential for the expression of the quantum operators orresponding to the anonial onjugate variables (A21,∆φ) of
the physial phase spae of the theory introdued in the previous setion. It turns out that suh quantum operators
an be dened in a onsistent way.
4
We use the letter a and b to indiate the annihilation operators for the osillators 1 and 2 respetively. We take ~= 1 in the rest of the
paper.
5IV. RELATION EVOLUTION AT THE QUANTUM LEVEL
A. Complete observables in the Pegg-Barnett formalism
In a series of papers [10, 11, 12℄ Pegg and Barnett onstruted a well-dened Hermitian optial phase operator in a
nite dimensional Hilbert spae. Studying the quantum theory of harmoni osillator in a nite dimensional Hilbert
spae, they sueeded in dening quantum phase states as well as a phase state operator. We use the Pegg-Barnett
phase formalism to write the Hermitian operator ating on the (2j+1)-dimensionalHphys orresponding to the physial
observable ∆φ. Moreover this formalism enables us to onstrut a unitary exponential phase operator exp(±iφˆ) (see
referenes [10, 11, 12℄ for the details of the formalism). Therefore we an onsider the following operators,
qˆ1(t) =
1√
2
(
eit (N̂1)
1/2 e−i
c∆φ + e−it ei
c∆φ (N̂1)
1/2
)
, (24)
pˆ1(t) =
i√
2
(
eit (N̂1)
1/2 e−i
c∆φ − e−it ei c∆φ (N̂1)1/2
)
, (25)
where N̂1 is the number operator of the quantum osillator 1, namely N̂1 = a
†a. The operator ei
c∆φ
has the following
number state representation [10, 11, 12℄
ei
c∆φ = | − j〉〈−j + 1|+ | − j + 1〉〈−j + 2|+ · · ·+ |j − 1〉〈j|+ |j〉〈−j|. (26)
The parameter t appearing in the above expressions is the same parameter dened in setion II: The internal time
given by (16).
The main property of the operators qˆ1(t) and pˆ1(t) is represented by their ommutations relations with the quantum
Hamiltonian onstraint Hˆ (21). With the expression (26) of the exponential phase operator it is easy to show that
both qˆ1(t) and pˆ1(t) ommute with Hˆ,
[qˆ1(t), Hˆ ] = [pˆ1(t), Hˆ ] = 0. (27)
These operators are gauge invariant operators, representing therefore physial observables of the quantum system.
Introduing the operators A = ei
c∆φ (N̂1)
1/2
and A† = (N̂1)
1/2 e−i
c∆φ
the two above operators take the familiar form
qˆ1(t) =
1√
2
(
eitA† + e−itA
)
, pˆ1(t) =
i√
2
(
eitA† − e−itA) . (28)
A and A† play the rle of annihilation and reation operators ating on the nite dimensional physial Hilbert spae.
Their ommutation relation is
[A,A†] = I − (2j + 1)|j〉〈j|, (29)
where I is the identity operator. The dierene with the usual anonial ommutation relations is a onsequene of
the nite dimensionality of the Hilbert spae, and is at the heart of the Pegg-Barnett formalism. It is straightforward
to alulate the ommutation relation between the operators (24,25)
[qˆ1(t), pˆ1(t)] = i(AA
† −A†A),
= i(I − (2j + 1)|j〉〈j|). (30)
One agian, the above ommutator diers from the usual anonial ommutator beause of the nite dimensionality
of the Hilbert spae. We an write the equations of motion governing the evolution of these operators with respet to
the internal time t in Heisenberg form as
d qˆ1(t)
dt
= i[Hˆ ′1, qˆ1(t)], (31)
d pˆ1(t)
dt
= i[Hˆ ′1, qˆ1(t)], (32)
with Hˆ ′1 = A
†A = Nˆ1. This Hamiltonian diers from the Hamiltonian Hˆ1 of the osillator 1 by a fator 1/2. This
dierene has onsequene in the lassial limit of the propagator, see setion IV.C. In the next setion we will study
the spetrum of these operators that turns out to be nite and disrete.
6B. Spetrum of the omplete observables
The Heisemberg equations of motion for the gauge invariant operators qˆ1(t) and pˆ1(t), with solution given by the
expressions (24) and (25) respetively, represent the equations of motion of a one dimensional harmoni osillator
evolving with the time t. The generator of this time evolution is the Hamiltonian Hˆ ′1. Its eigenvalues are the
eigenvalues of the number operator of the osillator 1, namely (j +m). We an write the solution of the equations of
motion adopting the Shrödinger piture: The kets solution of the quantum dynamis have following form
|qk(t)〉 = Nk
j∑
m=−j
(2j+m(j +m)!)−1/2Hj+m(qk)e
−q2k/2ei(j+m)t|m〉, (33)
where Nk is a normalization fator and Hj+m is the Hermite polynomial of order j +m. In order to trunate the
series at the value m = j, whih orresponds to the maximum allowable eigenvalue of Nˆ1, the argument qk of the
Hermite polynomial must be a zero of H2j+1. There exist 2j + 1 of suh zeros (labeled by the index k), onsequently
the states (33) span the (2j + 1)-dimensional physial Hilbert spae. We reover the same result of [13℄ and [14, 15℄.
The alulation the normalization fator Ni is straightforward:
〈qk(t)|qk(t)〉 = |Nk|2
2j∑
m=0
1
2mm!
H2m(qk)e
−q2k , (34)
therefore
Nk = e
q2k/2
(
2j∑
m=0
1
2mm!
H2m(qk)
)−1/2
. (35)
The 2j + 1 states |qk(t)〉, (k = 1, ..., 2j + 1), given by (33) are haraterized by dierent properties:
(i) They are physial states of the quantum system. They are indeed solution of the Wheeler-DeWitt equation,
Hˆ|qk(t)〉 = 0, (36)
with Hˆ given by (21). In partiular the states |qk(t)〉 are linear ombinations of the energy eigenstates |m〉.
(ii) They also satisfy a Shrödinger equation desribing their evolution with respet to the internal time parameter
t generated by the Hamiltonian Hˆ ′1,
i
∂
∂t
|qk(t)〉 = Hˆ ′1|qk(t)〉. (37)
(iii) They are eigenstates of the operator qˆ1(t) dened by (24). Their 2j + 1 eigenvalues qk orrespond to the zeros
of the Hermite polynomial of order 2j + 1.
(iv) They undergo a yli evolution, in fat |qk(t+ 2pi)〉 = |qk(t)〉.
(v) They form an orthonormal basis of the physial Hilbert spae, indeed
〈ql(t)|qk(t)〉 = NkNl H2j+1(qk)H2j(ql)−H2j(qk)H2j+1(ql)
22j(2j)!(qk − ql) e
−(q2k+q
2
l )/2, (38)
and qk and ql are zeros of the Hermite polynomial of order 2j + 1. Therefore the above expression is zero for
k 6= l. Consequently we have
〈ql(t)|qk(t)〉 = δkl. (39)
Notie that the right side is the Kroneker δ and not the Dira distribution.
(vi) The transition amplitude from |qk(t)〉 to |ql(t′)〉 is
〈ql(t′)|qk(t)〉 = NkNl
2j∑
m=0
1
2mm!
Hm(qk)Hm(ql)e
−(q2k+q
2
l )/2eim(t−t
′). (40)
This quantity may reeive a lear physial interpretation. The modulus square of (40) represents the probability
of measure the value ql of the physial observable qˆ1 at time t
′
if we have measure the value qk at time t.
7The property (v) allows to express the physial states in the basis of the energy eigenstates, |m〉, in terms of the
physial states |qk(t)〉,
|m〉 =
2j+1∑
k=1
|qk(t)〉〈qk(t)|m〉,
=
2j+1∑
k=1
|qk(t)〉Nk (2j+m(j +m)!)−1/2Hj+m(qk)e−
q2
k
2 e−i(j+m)t. (41)
Of ourse the state |m〉 is independent of the parameter t: The t-dependene of |qk(t)〉 is exatly aneled by the last
exponential in the above expression. The salar produt between two physial states |m〉 and |n〉, expressed in the
basis of the states |qk(t)〉, leads to some new relations between the zeros of the Hermite polynomials reported in the
appendix.
C. The lassial limit
In order to study the lassial limit, we need the expression of the 2j + 1 eigenvalues qk, roots of the Hermite
polynomial H2j+1, in the limit j → ∞ (orresponding to the lassial limit, see [7℄). Suh expressions have been
derived in the appendix of [14℄: The roots the Hermite polynomial have the following asymptoti form
qk =
pik√
2(2j + 1) + 3
√
1 +
pi2k2 − 3/2
3(2(2j + 1) + 3)2
+O((2j + 1)−4.5), for 2j + 1 odd, (42)
qk =
pi(k − 1/2)√
2(2j + 1) + 3
√
1 +
pi2(k − 1/2)2 − 3/2
3(2(2j + 1) + 3)2
+O((2j + 1)−4.5), for 2j + 1 even. (43)
We an see that the eigenvalues qk span an interval entered in the origin of the real line of length O(
√
2j + 1).
The distane between two suessive eigenvalues is O(1/
√
2j + 1). When j tends to innity the set of eigenvalues
qk beomes dense in the real axis. However, if we naively take the limit j → ∞, at nite values of the label k,
the asymptoti expressions (42) and (43) vanish and onsequently they fail to reprodue the orret spetrum of the
operator qˆ1. This issue has been analized in [14, 15℄ and the proposed solution onsists in a saling of the label k of
the form
k =
√
2(2j + 1)
pi
q + b, (44)
where the onstants q and b are real. It has been shown in [15℄ that the value of b has no inuene on the result
obtained in the ontinuum limit. Its rle is to ontrol the onvergene of limit to the orret result
5
. With the
presription (44) any real number q an now be obtained in the lassial limit.
It is interesting to study the lassial limit of the propagator dened in (40). Realling the Mehler's formula
∞∑
n=0
Hn(x)Hn(y)
zn
2nn!
= (1− z2)−1/2 exp
(
2xyz − (x2 + y2)z2
1− z2
)
, (45)
the evaluation of the limit j →∞ of the propagator (40) leads to the expression
〈ql(t′)|qk(t)〉 = NkNl e−i(t−t
′)/2 ×
×
√
i
2 sin(t− t′) exp
[
i
2 sin(t− t′)
(
2qkql − (q2k + q2l ) cos(t− t′)
)]
. (46)
We reognize in the seond line of (46) the propagator of a single harmoni osillator. The presene of the exponential
fator e−i(t−t
′)/2
is a diret onsequene of the form of the Hamiltonian governing the evolution of the system, namely
5
The saling (44) an be modied by the addition of one more parameter useful for the onvergene of the lassial limit. We refer to
[15℄ for the disussion of this point.
8Hˆ ′1 = Nˆ1. As noted previously this Hamiltonian is not equal to the Hamiltonian of the osillator 1 beause of the
absene of a onstant term 1/2: Hˆ1 = Nˆ1 + 1/2. This dierene is responsible for the appearing of the exponential
e−i(t−t
′)/2
in (46).
D. The two point funtion
With the denition of time given above, we an now dene a vauum state assoiated with the minimum eigenvalue
of the hamiltonian Hˆ ′1. Of ourse, a dierent hoie of the time parameter will lead to a dierent and inequivalent
vauum state. This situation reprodues the well know problem of the denition of a vauum, and more generally
of a partile onept, in quantum eld theory in urved spaetime. In partiular the state |m = j〉 orresponds to
the lower eigenvalue of Hˆ ′1. Having a denition of the vauum state we an ompute the two point funtion for the
operator qˆ1 dened by the values t and t
′
of the internal time:
〈j|qˆ1(t′)qˆ1(t)|j〉 = j e−i2j(t
′−t). (47)
We reover the same result (apart from a fator 2) obtained in [9℄: In partiular the alulation of the two point
funtion in [9℄ has been arried out using the oherent states of the quantum system dened in [7℄. So, taking the
oherent state orresponding to the vauum state |j〉 and piked on the two points of the lassial trajetory (namely
the ellipse) dened by the two values t and t′ of the internal time parameter, the alulation of the two point funtion
based on the proedure applied in [9℄ gives (47).
V. DISCUSSION
As mentioned in setion II the model of two harmoni osillators with dynamis xed by the hamiltonian onstraint
(4) was rst introdued in [1℄ in order to study the problem of time for a time reparametrization invariant system.
In partiular in [1℄ a gauge invariant physial observable desribing the evolution of a oordinate in the extended
onguration spae, the plane (q1, q2), say q1, in terms of the oordinate, q2, was expliitly onstruted simply by
eliminating the arbitrary and non-physial parameter τ in the solution of the lassial equations of motion (6,7), and
interpreting q2 as a real parameter. This denes a set of physial observables q1(t) interpreted as the value of q1 when
q2 has the value t (for every real t). At the quantum level an operator orresponding to q1(t) has been expliitly
onstruted and it turns out to be only approximately self-adjoint, in partiular only when restrited to a subspae
of the physial Hilbert spae alled in [1℄ the Shrödinger regime haraterized roughly by states desribed by a wave
funtion peaked around a lassial trajetory. Mathematially the non self-adjointness omes from a term ontained
in the expression of q1(t) of the form √
M + 2Lz − t2, (48)
where the operator Lz =
1
2 (b
†b − a†a), and a, b are the reation and annihilation operators of setion III. For large
value of t, (48) beomes immaginary. This implies that q1(t) has omplex eigenvalues and that evolution an not be
unitary outside the Shrödinger regime.
This problem is ompletely solved by our hoie for the operator qˆ1(t) given by (24), whih is a well-dened self-
adjoint gauge invariant operator for eah value of the internal time parameter t dened in (16). Of ourse this internal
time t diers from the parameter appearing in (48). The operator qˆ1(t) ommutes with the Hamiltonian onstraint
and represents therefore a physial observable of the quantum system. Its spetrum has been omputed and results
to be nite and disrete with all the eigenvalues are real. In partiular these eigenvalues oinide with the zeros of
the Hermite polynomial of order 2j + 1. These eigenvalues are physial preditions of the theory.
Moreover, the operator qˆ1(t) realizes the quantum version of the lassial quantity q1(A
2
1,∆φ, t) dened in (17).
We an onlude that the physial observable qˆ1(t) implements the relational desription of the quantum dynamis
of the system of two harmoni osillator, i.e. expressing the evolution of one osillator in terms of the other. A key
ingredient has been the onstrution of an internal time parameter. Suh parameter, given by (16), depends only on
the phase spae variables of the osillator 2. It is not a monotonially inreasing funtion as the usual time in quantum
mehanis. Instead it is a multivalued funtion of the anonial lassial variables (q2, p2) and as a onsequene the
physial states |qk〉 undergo a yli evolution. Having an internal time, a desription of the quantum dynamis in
terms of a Shrödinger equation satised by the physial quantum states of the system is then available, see equation
(37). We then reover the standard formulation of time-dependent quantum mehanis. However this has to be
intended in a relational way. Indeed in usual quantum mehanis the phase spae variables desribing osillator 2,
9namely q2 and p2, would have been promoted to the status of quantum operators. Suh approah has been adopted
in [7℄. Here we have studied the system in a dierent way. The variables q2 and p2 are not quantized, they instead
provide a denition of the internal time. The evolution of the remaining phase spae variables q1 and p1, both at the
lassial and at the quantum level, is expressed with respet to suh internal time.
Finally, we have obtain as a by-produt of the study of the spetrum of the gauge invariant operator (24) some new
relations between the zeros of the Hermite polynomials, see formulas (A3,A4,A5).
APPENDIX A: RELATIONS BETWEEN THE ZEROS OF THE HERMITE POLYNOMIALS
We have seen that the eigenvetors of the operator qˆ1 form an orthonormal basis of the (2j+1)-dimensional physial
Hilbert spae Hphys, and the assoiated eigenvalues qk are the zeros of the Hermite polynomial of order 2j+1. Using
these two properties we derive in this appendix some new relations between the zeros of the Hermite polynomials.
Starting from the orthonormality of the eigenstates of qˆ1 we derived the expression of the energy eigenstates |m〉 in
the basis of the physial states |qk(t)〉 in formula (41),
|m〉 =
2j+1∑
k=1
|qk(t)〉Nk (2j+m(j +m)!)−1/2Hj+m(qk)e−
q2
k
2 e−i(j+m)t. (A1)
As already noted, the t-dependene of |qk(t)〉 is exatly aneled by the exponential term e−i(j+m)t in the above
expression, so that the state |m〉 is independent of the parameter t. The salar produt between two physial states
|m〉 and |n〉, expressed in the basis of the states |qk(t)〉, takes the following form,
〈n|m〉 =
2j+1∑
k=1
|Nk|2 (2j+m(j +m)!)−1/2Hj+m(qk)e−
q2
k
2 (2j+n(j + n)!)−1/2Hj+n(qk)e
−
q2
k
2 . (A2)
The energy eigenstates |m〉 form an orthonormal basis of the physial Hilbert spae. The salar produt (A2) redues
to Kroneker delta: 〈n|m〉 = δm, n. Substituting in (A2) the expression of the normalization fator Nk alulated in
(35) we arrive at
δnm =
2j+1∑
k=1
(2n+mm!n!)−1/2Hm(qk)Hn(qk)
(
2j∑
l=0
1
2ll!
H2l (qk)
)−1
. (A3)
Let's onsider this formula for some spei values of m and n. Consider rst the ase m = n = 0. We obtain
2j+1∑
k=1
1∑2j
l=0
1
2ll!
H2l (qk)
= 1. (A4)
For m 6= 0 and n = 0,
2j+1∑
k=1
1√
2mm!
Hm(qk)∑2j
l=0
1
2ll!H
2
l (qk)
= 1, m ∈ {1, ..., 2j}. (A5)
The properties of the equations (A3,A4,A5) will be studied elsewhere.
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